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1. Introduction
The topological result of the present paper is inspired by universal algebra in which clones play an important rôle, see
e.g. the monographs [1,10,17]. Although the term “clone” was ﬁrst used by P. Hall in [5], clones were investigated much
earlier, see [12,13]. Then a number of papers with deep results about clones followed, see [3,11,14,15] for instance.
There are various deﬁnitions of this notion, all essentially equivalent. We present the categorical one: an abstract clone
on a basic object a in the sense of [10] is a small category k with the object set {an | n ∈ ω} of all ﬁnite powers of a in
which, for any n ∈ ω, one n-tuple of product projections π(n)i :an → a, i ∈ n, is speciﬁed and enumerated by elements of n
(as we have just done). For every n ∈ ω, its n-segment kn is its full subcategory on the objects a0,a,a2, . . . ,an . Under the
name “algebraic theories” (mono-sorted, ﬁnitary), the abstract clones were used by F.W. Lawvere in his categorical approach
to universal algebra [8,9].
Any category K with ﬁnite products is a rich source of clones: for every object a of K we get a clone cloK a as the full
subcategory of K on the object set {an | n ∈ ω} (with an and π(n)i :an → a speciﬁed as mentioned above; another choice of
the nth powers of a and the n-tuple of product projections gives an isomorphic clone).
The monograph [18] by W. Taylor is devoted to the study of the case of K = Top, where Top is the category of all
continuous maps of topological spaces, i.e., to the study of clones of topological spaces. For a topological space X , we denote
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1678 V. Trnková / Topology and its Applications 155 (2008) 1677–1686clo X its clone, i.e., the full subcategory of Top on the object set {Xn | n ∈ ω} (in which the Cartesian product projections
π
(n)
i : X
n → X are speciﬁed).
Problem 1 of Taylor’s monograph asks whether there exist spaces X and Y such that their monoids M(X) and M(Y ) of
all continuous selfmaps of X and of Y are elementarily equivalent in the ﬁrst order language M of monoid theory while
their clones clo X and clo Y are not elementarily equivalent in the ﬁrst order language L of clone theory.
Let us recall brieﬂy that L has ω sorts of variables, the variables of the nth sort range, for clo X , over the set of all
continuous maps Xn → X ; for each sort n ∈ ω, L has precisely n constants of the sort n, namely the product projections
π
(n)
i : X
n → X , i ∈ n; and for any m,n ∈ ω, L has a heterogeneous operational symbol Snm acting, for every g ∈ Xm → X and
f0, . . . , fm−1 : Xn → X of clo X as follows:
Snm(g; f0, . . . , fm−1) = g ◦ ( f0×˙ · · · ×˙ fm−1)
where ◦ denotes the composition of maps and f0×˙ · · · ×˙ fm−1 is the unique map f : Xn → Xm with f (x) = ( f0(x), . . . ,
fm−1(x)). The language M of the monoid theory is the fragment of L working only with the variables of the ﬁrst sort, i.e.,
ranging over continuous maps X → X , the (unique) constant π(1)0 , which is just the identity map and the operation S11(g; f )
which is the composition g ◦ f . Elementary formulas in L or M are equations of correctly formed expressions and more
complicated formulas are obtained, as usual, by means of logical connectives and quantiﬁers. Sentences are closed formulas
and elementary equivalence means that precisely the same sentences of L (or of M) are satisﬁed in clo X (or M(X)) as in
clo Y (or M(Y )), For details, see [19].
The following question, analogous to the Taylor’s Problem 1, was given to the author by J.R. Isbell in 1991: are there
spaces X and Y such that M(X) is isomorphic to M(Y ) but clo X is not isomorphic to clo Y ?. Both these questions were
answered aﬃrmatively in [21], where for every n ∈ ω, metric spaces Xn and Yn were constructed such that the n-segment
of the clone of Xn was isomorphic to the n-segment of the clone of Yn but the (n + 1) segments of their clones were not
elementarily equivalent. Since isomorphism implies elementary equivalence, this solved both problems.
In the present paper, we give a substantial strengthening of the result about isomorphism, so strong that the analogous
statement for the elementary equivalence is no more valid.
Let us say that the clones clo X and clo Y are locally isomorphic (or locally elementarily equivalent) if, for all n ∈ ω, their
n-segments clon X and clon Y are isomorphic (or elementarily equivalent). Clearly, if clo X and clo Y are isomorphic (or
elementarily equivalent) then they have locally this property. But what about the converse? The answer is aﬃrmative for ele-
mentary equivalence: every sentence s of the language L contains only a ﬁnite number of variables, say x(n1)1 , x(n2)2 , . . . , x(nk)k ,
where (n1), . . . , (nk) denote the sorts of the variables. Then s is a sentence in any n-segment with n maxi=1,...,k ni . For
such n, the sentence s is satisﬁed in clon X (hence in clo X ) precisely when it is satisﬁed in clon Y (hence in clo Y ) so that
clo X and clo Y are elementarily equivalent. Hence the notion of local elementary equivalence is superﬂuous.
This is not the case of the local isomorphism of clones. For universal algebras, this was shown already in [20], where
two algebras with locally isomorphic but not isomorphic clones of their term operations were constructed. The result of
[20] was improved in [16]: the type of the algebras was reduced and, besides the clones of term functions, also the clones
of polynomial functions of algebras were investigated. Some ideas of [16] appear also here.
In the present paper, we show that this very strange phenomenon occurs also in topology. The paper is devoted to a
construction of two metric spaces X and Y such that their clones are locally isomorphic, i.e., for every n ∈ ω the n-segments
clon X and clonY are isomorphic, while clo X and clo Y are not isomorphic.
Let us mention that the non-homeomorphic spaces X and Y are “very similar” in the sense that standard procedures
used to prove non-homeomorphism of spaces would fail for them.
Problem. The spaces X and Y constructed here have cardinality 2ℵ0 . Do there exist countable topological spaces X, Y with
non-isomorphic locally isomorphic clones? (Since countable metrizable spaces X and Y are homeomorphic whenever the
monoids M(X) and M(Y ) of all continuous selfmaps are isomorphic, such spaces X and Y must be non-metrizable.)
2. Construction of auxiliary metrics
2.1. Let us recall that a topological space T is rigid if every continuous function f : T → T is a constant or the identity. Rigid
spaces were e.g. constructed by de Groot in [4]. Cook continuum [2] is a metric non-degenerate continuum C such that for
every subcontinuum K of C , every continuous map f : K → C is either constant or f (x) = x for all x ∈ K . The choice K = C
gives that C is a rigid space.
Proposition. Let T be a Hausdorff rigid space, α be an arbitrary cardinal number. Then arbitrary continuous map f : T α → T is either
a projection or a constant.
This proposition was discovered and proved by several authors, and an early proof can be found in Herrlich [6,7].
2.2. Let (G,ρ) be a rigid metric space (i.e., G is its underlying set, ρ is a metric on it), diam(G,ρ) = 1, g ∈ G . Let us denote
by G∗ the set of all sequences x :ω → G constant to g except for a ﬁnite number. For x, y ∈ G∗ put ρ∗(x, y) =maxρ(xi, yi).
[For x, y ∈ Gn we put also ρn(x, y) =maxi=0,...,n−1 ρ(xi, yi).]
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s = ((D0, . . . , Dn−1), (C,ϕ))
where (D0, . . . , Dn−1,C) is a pairwise disjoint (n+ 1)-tuple of ﬁnite subsets of ω, D j = ∅ for all j = 0, . . . ,n− 1, C possibly
empty, and ϕ :C → G is a map. Let us denote D =⋃n−1j=0 D j . For every such s ∈ S(n) deﬁne a map s(n) :Gn → G∗ by
s(n) = s0×˙s1×˙s2×˙ · · ·
where ×˙ denotes the ﬁbre product, i.e. s(n)(x) = (s0(x), s1(x), s2(x), . . .) and
si = π(n)j :Gn → G is the jth product projection whenever i ∈ D j,
si = const(n)ϕ(i) :Gn → G, the constant map with the valueϕ(i) whenever i ∈ C,
si = const(n)g :Gn → G for all remaining i ∈ ω \ (D ∪ C).
Proposition. Let (G,ρ) be rigid and let f : (Gn,ρn) → (G∗,ρ∗) be a continuous map depending on all coordinates. Then there exists
s ∈ S(n) such that f = s(n) .
Proof. For i ∈ ω, denote by π∗i :G∗ → G the ith projection. Since (G,ρ) is rigid π∗i ◦ f :Gn → G is either a projection
or constant [6]. Put D j = {i ∈ ω | π∗i ◦ f = π(n)j }. Since f depends on all coordinates, necessarily D j = ∅ for all j ∈ n. Put
C = {i ∈ ω | π∗i ◦ f = const(n)ci , ci = g} and ϕ(i) = ci for all i ∈ C . Since for every element of G∗ , only ﬁnitely many coordinates
of it can be distinct from g , all the sets D j , j ∈ n, C , must be ﬁnite. Since f = (π∗0 ◦ f )×˙(π∗1 ◦ f )×˙ · · ·, necessarily f = s(n)
with s = ((D0, . . . , Dn−1), (C,ϕ)) just described. 
2.3. Let T = (P ,ρ) be a metric space, T ∗ = (P∗,ρ∗) the space of all sequences x :ω → P with all members equal to g except
for a ﬁnite number. Let G be an open dense subset of T , (G,ρ/G) rigid. Then every continuous map f : (Gn, (ρ/G)n) →
(G∗, (ρ/G)∗) can be uniquely continuously extended to a map Tn → T ∗ . In fact, f = s(n) for some s ∈ S(n) so that f =
s0×˙s1×˙s2×˙ · · · where all the si ’s are projections or constants. These can be continuously extended evidently. Conversely, let
f : Tn → T ∗ be a continuous map depending on all coordinates with f [Gn] ⊆ G∗ . Then f is an extension of some s(n) .
2.4. Let cardG = card P = 2ℵ0 , G ⊆ P , g ∈ G , ρ a metric on P such that G with its restriction (which we shall denote also
as ρ) be open and dense in (P ,ρ), let (G,ρ) be rigid (and hence connected). Let A ⊆ G be a subset of G with card A = 2ℵ0
and, for some ε > 0, let
(α) ρ(a,a′) > 2ε for all a,a′ ∈ A, a = a′;
(β) ρ(a, g) > ε for all a ∈ A;
(γ ) ρ(a, P \ G) > ε for all a ∈ A.
Let n ∈ ω, n 1 be given. This n will be ﬁxed until the end of this section.
2.5. Let s ∈ S(n), s = ((D0, . . . , Dn−1), (C,ϕ)) be given as in 2.2 and let a = (a(s)0 , . . . ,a(s)n−1) be an n-tuple of distinct elements
of A where A and ε > 0 are as in 2.4. Let us denote z(s,a) = (z0, z1, . . .) the element of G∗ such that
zi = a(s)j whenever i ∈ D j, j = 0, . . . ,n − 1,
zi = ϕ(i) whenever i ∈ C,
zi = g else.
Let f (s,a) be the real-valued function P∗ → 〈0,1〉 deﬁned as follows:
f (s,a)
(
z(s,a)
)= 0,
f (s,a)(x) = max
(
0,
ε − ρ∗(x, z(s,a))
ε
)
min
(
1,
∏
i∈D ρ(xi, zi)
1
d (
∑
i∈D(ρ(xi, zi))d) +
∑
i∈ω\D ρ(xi, zi)
)
for x = z(s,a),
where z(s,a) = (z0, z1, . . .) is as above, D =⋃ j∈n D j , d = card D and ε > 0 as in 2.4.
Lemma.
(a) f (s,a)(x) = 0 whenever ρ∗(x, z(s,a)) ε.
(b) f (s,a) is continuous at any x = z(s,a); it is discontinuous at z(s,a) .
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at x. Discontinuity at z(s,a): let y(k) ∈ G∗ be the element such that
y(k)i = zi for i /∈ D,
ρ
(
y(k)i , zi
)= 1
k
for i ∈ D
(since (G,ρ) is connected, such y(k)i exists in G for suﬃciently large k). Then
f (s,a)
(
y(k)
)= max
(
0,
ε − ρ∗(y(k), z(s,a))
ε
)
· 1
and hence f (s,a)(y(k)) converges to 1 whenever y(k) converges to z(s,a) but f (s,a)(z(s,a)) = 0. 
2.6. Let P ,G,ρ, A, ε, . . . be as in 2.4. Let for every s ∈ S(n) , ψ(s) be an n-tuple a(s) = (a(s)0 , . . . ,a(s)n−1) of distinct elements
of A such that for every s, s′ ∈ S(n) s = s′ , the n-tuples ψ(s) = a(s) and ψ(s′) = a(s′) have no member in common. For every
s ∈ S(n) , let z(s,ψ(s)) and f (s,ψ(s)) be as in 2.5. Since ρ∗(z(s,ψ(s)), z(s′,ψ(s′))) > 2ε whenever s = s′ , it is possible to add all the
functions f (s,ψ(s)), s ∈ S(n) , by the Lemma (a) in 2.5. Hence we put
f =
∑
s∈S(n)
f (s,ψ(s)).
Then, by the Lemma (b) in 2.5, f is discontinuous precisely at the points zs,ψ(s) , s ∈ S(n) , and continuous otherwise. Let us
create a metric on P∗ as follows:
τ (n)(x, y) = min(1,ρ∗(x, y) + ∣∣ f (x) − f (y)∣∣).
2.7. Proposition. Let G,ρ, . . . be as in 2.2–2.4. Let h : (Gk,ρk) → (G∗,ρ∗) be a continuous map depending on all k coordinates. Then
h is continuous also as a map (Gk,ρk) → (G∗, τ (n)) iff k < n.
Proof. (a) Let k < n. Put Z = {z(s,ψ(s)) | s ∈ S(n)}. Then Z is ε-discrete, hence closed both in (G∗,ρ∗) and (G∗, τ (n)), and ρ∗
and τ (n) determine the same topology on the set G \ Z . Hence h : (Gk,ρk) → (G∗, τ (n)) is continuous whenever the image
Imh is a subset of G \ Z . If this is not the case, e.g. if z(s,ψ(s)) ∈ Imh, then f (s,ψ(s)) is equal to 0 on the whole Imh. In fact,
since h : (Gk,ρk) → (G∗,ρ∗) is continuous, h = s˜(k) for some s˜ = ((D˜0, . . . , D˜k−1), (C˜, ϕ˜)) ∈ S(k) . Since z(s,ψ(s)) corresponds
to s = ((D0, . . . , Dn−1), (C,ϕ)) and zi = a(s)j whenever i ∈ D j and ρ(a(s)j ,a(s)j′ ) > 2ε whenever j = j′ , no D˜ p could intersect
two distinct D j ’s. Since k < n, there exists j0 such that D j0 ∩
⋃k−1
p=0 D˜ p = ∅. Hence
h = s˜0×˙s˜1×˙ · · ·
where s˜i = constyi for all i ∈ D j0 . Since h(x) = z(s,ψ(s)) for some x, necessarily yi = zi for i ∈ D j0 . Since
∏
i∈D j0 ρ(yi, zi) = 0,
the function f (s,z) is equal to 0 on the whole Imh. This is satisﬁed for all (s,ψ(s)) with z(s,ψ(s)) ∈ Imh. Consequently, on
Imh, f is equal to the sum of all those f (s,ψ(s)) for which zs,ψ(s)) /∈ Imh, and hence f is continuous on Imh. Consequently
ρ∗ and τn determine the same topology on Imh again.
(b) Let k n. We may suppose that k = n and we show that the continuous map h : (Gn,ρn) → (G∗,ρ∗), depending on all
n coordinates, is not continuous as a map h : (Gn,ρn) → (G∗, τ (n)). We have h = s(n) with s = ((D0, . . . , Dn−1), (C,ϕ)) ∈ S(n) .
Hence for any x = (x0, . . . , xn−1) ∈ Gn the coordinates of h(x0, . . . , xn−1) = {yi | i ∈ ω} are x j whenever i ∈ D j , j ∈ n,
ϕ(i) whenever i ∈ C,
g whenever i ∈ ω \
n−1⋃
j=0
D j ∪ C .
Let ψ : S(n) → An be the map from 2.6 and let us denote ψ(s) = a(s) = (a(s)0 , . . . ,a(s)n−1) so that h(a(s)0 , . . . ,a(s)n−1) = z(s,ψ(s)) .
Then f (s,ψ(s))(z(s,ψ(s))) = f (s,ψ(s))(h(a(s)0 , . . . ,a(s)n−1)) = 0. For every j ∈ n and suﬃciently large , it is possible to ﬁnd a
point x()j ∈ G such that ρ(x()j ,a(s)j ) = 1 because (G,ρ) is connected. Denote x() = (x()0 , . . . , x()n−1). Then ρn(x(),a(s)) =
max j=0,...,n−1(ρ(x()j ,a
(s)
j )) = 1 . Since h = s(n) , h(x()) has precisely the same ith coordinates as h(a(s)) = z(s,ψ(s)) for
all i ∈ ω \ ⋃nj=0 D j . The formula deﬁning f (s,ψ(s)) in 2.5 implies that f (s,ψ(s))(h(x())) converges to 1 if  → ∞ while
f (s,ψ(s))(h(a(s))) = 0. Thus, if  → ∞, then ρn(x(),a(s)) = 1

→ 0; consequently ρ∗(h(x()),h(a(s))) also converges to 0 while
τ (n)(h(x()),h(a(s))) converges to 1.
Hence h : (Gn,ρn) → (G∗, τ (n)) is not continuous. 
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3.1. Let B be a closed subset of a topological space T . Let us recall [21] that T is called B-semirigid if every continuous
f : T → T is either constant or it is the identity or f [T ] ⊆ B .
Clearly, if B = T , then the B-semirigid space T is connected. And if B = ∅, then the B-semirigid space T is rigid.
Proposition. (See [21].) Let T be a B-semirigid space such that card(T \ B) 3. Let n ∈ ω and let f : Tn → T be a continuous map.
Then f is either a product projection or constant or f [Tn] ⊆ B.
We need to generalize this proposition. But since we work here only with metric spaces, we shall suppose that T = (P ,ρ)
is a metric space with diam T = 1 and g ∈ P . Hence let P∗ be, as in 2.2, the set of all sequences x :ω → P with all members
equal to g except a ﬁnite number of members, let ρ∗ be the metric on P∗ , ρ∗(a,b) = supi∈ω ρ(ai,bi). Denote T ∗ = (P∗,ρ∗).
Proposition. Let T = (P ,ρ) be a B-semirigid metric space, diam T  1, card(P \ B) 3, g ∈ P \ B. Let f : T ∗ → T be a continuous
map. Then f is either a projection or constant or f [T ∗] ⊆ B.
Proof. Let there exist x ∈ P∗ such that f (x) /∈ B and f is non-constant. We have to prove that then f is a projection. We
may suppose that f (x) = f (y) for some x, y with f (x) /∈ B . Let n ∈ ω be such that x = (x0, x1, . . . , xn−1, g, g, g, . . .), y =
(y0, y1, . . . , yn−1, g, g, g, . . .). For every k  n, let f (k) : T k → T be given by f (k)(z0, . . . , zk−1) = f (z0, . . . , zk−1, g, g, g, . . .).
Hence f (k)(x) = f (x) = f (y) = f (k)(y) and f (k)(x) /∈ B . Hence there exist ik ∈ k such that f (k) = π(k)ik . Clearly in = in+1 = · · ·
and f = π∗in . 
3.2. The notion of extremal B-semirigidity is introduced in [21] for topological spaces. Since we will work here only with
metric spaces, we recall its “metric version”.
Deﬁnition. (See [21].) A metric space T = (P ,ρ) is extremally B-semirigid if
(1) diam T = 1, B ⊆ P and ρ(b,b′) = 1 whenever b,b′ ∈ B , b = b′;
(2) if a metric u on B is given such that u(b,b′)  1 for all b,b′ and if we extend the metric u to the whole P by the
formula
(u ∗ ρ)(x, y) = min
(
ρ(x, y), inf
a,b∈B
(
ρ(x,a) + u(a,b) + ρ(b, y)))
then the space (P ,u ∗ ρ) is B-semirigid.
The main theorem of [21] states that for any sets P and B ⊆ P with card B = card(P \ B) 2ℵ0 , there exists a metric ρ
on P such that T = (P ,ρ) is extremally B-semirigid (the proof heavily uses the existence of Cook continuum mentioned
in 2.1).
3.3. We shall need stronger statements than mere extremal B-semirigidity. If (P ,ρ) is an extremally B-semirigid space,
denote G = P \ B . Hence G is open and dense in (P ,ρ) and also in (P ,u ∗ ρ) for any metric u on B with u(b,b′) 1. We
glue together P∗ \ G∗ to a single point. In more detail, put
Z = G∗ ∪ {o}
where o /∈ G∗ and p : P∗ → Z sends P∗ \ G∗ to o and p(x) = x for x ∈ G∗ . We deﬁne a metric ρ˜∗ on Z by
ρ˜∗(x,o) = ρ∗(x, P∗ \ G∗) for x ∈ G∗,
ρ˜∗(x, y) =min{ρ∗(x, y),ρ∗(x, P∗ \ G∗) + ρ∗(y, P∗ \ G∗)} for x, y ∈ G∗.
We need the following lemmas:
Lemma A. Let B ′ be a subset of B (including B ′ = ∅ or B ′ = B), W = G ∪ B ′; let f be a continuous map P → W or W → W or
G → W . Then either f is constant or f (x) = x for all x or f maps the whole domain of f into B ′ .
Lemma B. Let f : (G∗,ρ∗) → Z be a continuous map. Then f is either constant or f maps G∗ into G∗ .
Fortunately, the space T = (P ,ρ) constructed in [21] satisﬁes them both. Lemma A is precisely Lemma 4 on p. 393
of [22] where it is proved. Lemma B is also proved in essence in [22], however it requires some reasoning given just below.
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Pn \ Gn to o and p[n](x) = x for x ∈ Gn . We deﬁne a metric ρ˜[n] on Z [n] by the analogous rule
ρ˜[n](x,o) = ρn(x, Pn \ Gn) for x ∈ Gn,
ρ˜[n](x, y) = min{ρn(x, y),ρn(x, Pn \ Gn)+ ρn(y, Pn \ Gn)} for x, y ∈ Gn.
Lemma 6 on p. 394 of [22] states that
if m ∈ ω and f : Tm → Z [n] is continuous map, then either f is constant or f [Gm] ⊆ Gn .
Inspecting the proof of this lemma in [22], one can see that it remains valid if the domain of f is only Gm . Now, it is easy
to get Lemma B. Let a continuous map f : (G∗,ρ∗) → Z be given. We deﬁne maps
f [m] :Gm → Z , q[n] : Z → Z [n]
by f [m](y0, . . . , ym−1) = f (y0, . . . , ym−1, g, g, g, . . .) and
q[n](z0, z1, . . .) = (z0, . . . , zn−1), q[n](o) = o.
Then both f [m] and q[n] are continuous hence for every m,n, q[n] ◦ f [m] :Gm → Z [n] is either constant or it sends Gm into Gn .
This implies easily that f :G∗ → Z is either constant with the value o or it maps G∗ into G∗ .
4. The main construction of the spaces X and Y
Finally, we are going to construct the metric spaces X = (P ,μ) and Y = (P , ν) such that their clones are locally isomor-
phic but not isomorphic.
4.1. Let T = (P ,ρ) be the extremally B-semirigid space constructed in [21] hence satisfying also Lemmas A and B of 3.2.
Then, by Lemma A, the subspace (G,ρ) with G = P \ B is rigid.
Let us decompose the set B as {Cγ | γ ∈ C} where cardCγ = 2ℵ0 and, for the construction of X , C is ω; for the con-
struction of Y , C is ω and one more distinguished element, let us denote it by ∞. [Hence, we should distinguish between
C Xγ and C
Y
γ for γ = n and analogously β Xγ and βYγ below. We shall do it in 4.5–4.7 where it is necessary. In 4.1–4.4, where
it does not play a role, we write simply Cγ and βγ .]
Let P∗,ρ∗, T ∗, Z = G∗ ∪ {o}, p : T ∗ → Z , . . . be as in Section 3. We choose bijections
βγ : Z → Cγ
which will be kept ﬁxed until the end of the paper. In 4.3 below, we deﬁne metrics uX and uY on B and our required
metrics μ and ν will be
μ = uX ∗ ρ and ν = uY ∗ ρ,
where ∗ is the operation of the extending of a metric from B to the whole P described in (2) of 3.2.
Thus, regardless what uX and uY are,
(∗)
{
the topologies of the three spaces (P ,ρ), (P ,μ), (P , ν) coincide on
the open dense subset G.
4.2. In the deﬁnition of uX and uY , we need the metrics τ (k) constructed in Section 2, For this construction, g ∈ G , A ⊆ G
and ε > 0 satisfying 2.4 are needed. Since (P ,ρ) is extremally B-semirigid and G = P \ B , we have ρ(b,b′) = 1 whenever
b,b′ ∈ B , b = b′ , see 3.2. Since (G,ρ) is rigid, it is connected. Thus we can ﬁnd cb ∈ G for every b ∈ B such that ρ(b, cb) = 14 .
Put g = cb0 for some b0 ∈ B , A = {cb | b ∈ B \ {bo}} and ε = 18 . Then all the requirements of 2.4 are satisﬁed, let τ (k) be as in
Section 2. Since τ (k)(x, y) ρ∗(x, y) for every x, y ∈ P∗ , the identity map
id :
(
P∗, τ (k)
)→ (P∗,ρ∗)
is continuous. The discontinuity points of the inverse map (P∗,ρ∗) → (P∗, τ (k)) will play an essential rôle.
4.3. Now, we describe the metrics uX and uY . We put uX (x, y) = 1 = uY (x, y) whenever x ∈ Cγ , y ∈ Cγ and γ = γ ′ . The
deﬁnition of the metrics uX and uY on Cγ is such that βγ are isometries whenever
βγ : (Z , ρ˜
∗) → (Cγ ,uY /Cγ ), for γ = ∞,
βγ :
(
Z , τ˜ (n)
)→ (Cγ ,uX/Cγ )[or (Cγ ,uY /Cγ )], for γ = n,
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factorization” of (P∗,ρ∗), i.e.
ρ˜∗(x,o) = ρ∗(x, P∗ \ G∗) for x ∈ G∗,
ρ˜∗(x, y) =min(ρ∗(x, y),ρ∗(x, P∗ \ G∗) + ρ∗(y, P∗ \ G∗)) for x, y ∈ G∗
and τ˜ (n) is obtained from τ (n) by the same rules, writing only τ˜ (n) and τ (n) instead of ρ˜∗ and ρ∗ in them.
The remainder of the paper is devoted to the proof that the spaces X = (P ,μ) and Y = (P , ν) have the required properties, i.e.
cloC and clo Y are locally isomorphic but not isomorphic.
4.4. First, we describe how clo X and cloY do look.
Since (P ,ρ) is extremally B-semirigid, both X and Y are B-semirigid. Hence every continuous map f : Xk → X [or
f : Yk → Y ] is either constant or a product projection or f [Xk] ⊆ B [or f [Yk] ⊆ B].
Let us suppose that f is non-constant and distinct from all the projections. Since Xk [or Yk] is connected, necessarily
f [Xk] [or f [Yk]] is a subset of a single Cγ , by 4.3. Then we can create a continuous map
Xk
f−→ Cγ
β−1γ−→ Z
and analogously for Yk .
By (∗) in 4.1, the restriction of f (we shall denote the restrictions by the same letters)
(
Gk,ρk
) f−→ (Cγ ,uXγ ) [or (Cγ ,uYγ )]
is continuous. Let
π [k] : (G∗,ρ∗) → (Gk,ρk)
be the projection on the ﬁrst k-tuple of the coordinates. For γ = n, we investigate the map
λ : (G∗,ρ∗) π
[k]−→ (Gk,ρk) f−→ (Cγ ,uXγ ) β
−1
γ−→ (Z , τ˜ (n)) id−→ (Z , ρ˜∗)
where id is carried by the identity map Z → Z . The map λ is continuous and non-constant, hence, by Lemma B in 3.3,
λ(G∗) ⊆ G∗ so that(
(id) ◦ β−1γ ◦ f
)[
Gk
]⊆ G∗.
Let us suppose that
(+) f : (Gk,ρk) → (Cγ ,uXγ ) [or (Cγ ,uYγ )] depends on all the k coordinates and let us investigate the map
(
Gk,ρk
) f−→ (Cγ ,uXγ ) β
−1
γ−→ (Z , τ˜ (n)) id−→ (Z , ρ˜∗) p−1−→ (G∗,ρ∗)
(where each map is always considered as being restricted on the image of the previous map). Since this composite map is
continuous and depends on all the k coordinates, it is equal to
s(k) :
(
Gk,ρk
)−→ (G∗,ρ∗) for suitable s ∈ S(k),
by 2.2. By 2.7, s(k) is continuous as a map(
Gk,ρk
)−→ (G∗, τ (n)) iff k < n.
Since p is a homeomorphism as a map (G∗,ρ∗) → (G∗, ρ˜∗) and also as a map (G∗, τ (n)) → (G∗, τ˜ (n)), we get that
(
Gk,ρk
) f−→ (Cγ ,uXγ ) β
−1
γ−→ (Z , τ˜ (n))
is continuous precisely when k < n. Since βγ is an isometry, we get that f : (Gk,ρk) → (Cγ ,uXγ ) is continuous for γ = n
iff k < n. Consequently if f : (Gk,ρk) → (Cγ ,uXγ ) is a continuous map depending on all k coordinates, then f is equal to
βγ ◦ p ◦ s(k) on Gk , for some s ∈ S(k) and some γ = n with k < n. By 2.3, such map can be uniquely continuously extended
to
(
Pk,μk
) s(k)−→ (P∗,μ∗) p−→ (Z , τ˜ (n)) βγ−→ (Cγ ,uX)⊆ (P ,μ).
Hence a map f : Xk → X depending on all k coordinates is in clo X iff it maps Xk into some (Cγ ,uX ) with γ = n, n > k, as
f = βγ ◦ p ◦ s(k) .
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(
Gk,ρk
) f−→ (Cγ ,uY ) β
−1
γ−→ (Z , ρ˜∗)
is continuous. Hence f : Yk → Y depending on all the k coordinates is in clo Y iff it maps Yk into some (Cγ ,uY ) with γ = n,
n > k or γ = ∞, as a map βγ ◦ p ◦ s(k) .
4.5. Summary. Let n 1.
 The set of all continuous maps
Xn → X
consists of all constant maps, all the projections π(n)i , i ∈ n, and all the maps
β Xγ ◦ p ◦ s(k) ◦ πψ
where
• ψ :k → n ranges over all one-to-one maps with k = 1,2, . . . ,n and πψ : Xn → Xk is the corresponding projection,
• s(k) : Pk → P∗ is as in 2.2, s ranges over S(k) , see 2.2,
• p : P∗ → Z maps P∗ onto Z = G∗ ∪ {o} where P∗ \ G∗ is mapped on o, p(x) = x for all x ∈ G∗ ,
• β Xγ : Z → C Xγ is the bijection from 4.1, γ ranges over all r ∈ ω with r > k. The set of all continuous maps
Yn → Y
consists of all constant maps, all the projections π(n)i , i ∈ n and all the maps
βYγ ◦ p ◦ s(k) ◦ πψ,
where p, s(k) , πψ are as above and
• βYγ : Z → CYγ is the bijection from 4.1, where γ is ∞ or s ∈ ω with s > k.
4.6. Non-isomorphism. The clone clo Y contains an inﬁnite sequence { fn | n = 1,2, . . .} of functions
fn : Y
n → Y
such that
(α) fn depends on all the n coordinates,
(β) for every n, fn(y0, . . . , yn−1) = fn+1(y0, . . . , yn−1, x) for all (y0, . . . , yn−1) ∈ Yn and some x ∈ Y [i.e. fn+1 ◦
(π
(n)
0 ×˙ · · · ×˙π(n)n−1×˙ const(n)x ) = fn].
In fact, it suﬃces to put sn = (({0}, . . . , {n − 1}),∅) ∈ S(n) and
fn = βY∞ ◦ p ◦ (sn)(n).
Then fn(y0, . . . , yn−1) = fn+1(y0, . . . , yn−1, g).
On the other hand, clo X does not contain an inﬁnite sequence {gn | n = 1,2, . . .}, gn : Xn → X such that it satisﬁes
(α) and (β) [writing gn, gn+1, X instead of fn, fn+1, Y in it]. Suppose the contrary. Then (α) implies, see 4.5, that gn =
β Xkn
◦ p ◦ s(n)n for suitable kn ∈ ω and sn ∈ S(n) . But (β) implies that Im gn ⊆ Im gn+1. Since Imβ Xd = C Xd for all d ∈ ω and
the sets {C Xd | d ∈ ω} are disjoint, necessarily kn = kn+1 for all n = 1,2, . . . . Denote the unique value of all kn by k. Hence
gn = βk ◦ p ◦ s(n)n for all n. This is already a contradiction because βk ◦ p ◦ s(n)n is in clo X (i.e., a continuous map Xn → X ) only
when k n, see 4.5. Since any isomorphism has to preserve sequences with (α) and (β), clo Y is not isomorphic to clo X .
4.7. Local isomorphism. Let a natural number N > 1 be given. We show that CloN X and CloN Y are isomorphic. Here, we
investigate continuous maps Xn → X and Yn → Y only for n  N , We are going to construct an isomorphism Ψ of cloN Y
onto cloN X . Let λ be the following bijection of ω ∪ {∞} onto ω:
λ(∞) = N, λ(n) = n for n < N, λ(n) = n + 1 for n N.
Now, we construct an isomorphism Ψ as (Ψn | n = 0,1, . . . ,N) where Ψn is a bijection of the set of all continuous maps
Yn → Y onto the set of all continuous maps Xn → X .
• For n = 0: Y 0 → Y and X0 → X are just elements of P . For y ∈ G , we put Ψ0(y) = y. If y ∈ CYγ , we put Ψ0(y) =
[β X ◦ (βYγ )−1](y).λ(γ )
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Ψn
(
βYγ ◦ p ◦ s(n)
)= β Xλ(γ ) ◦ p ◦ s(n),
Ψn
(
α ◦ πψ )= Ψk(α) ◦ πψ for any ψ :k → n one-to-one.
• For any g : Yn → Ym we have g = g0×˙ · · · ×˙gm−1 (with gi = π(m)i ◦ g) and we deﬁne
Ψ (g) = Ψn(g0)×˙ · · · ×˙Ψn(gm−1).
Hence Ψ maps cloN Y bijectively onto cloN X preserving domains and codomains of maps and all projections (including
the projection π(1)0 = 1). To show that it is an isomorphism it suﬃces to show that it preserves the operation Snm (see the
introduction), i.e.
Snm( f ;h0, . . . ,hm−1) = f ◦ (h0×˙ · · · ×˙hm−1).
4.8. Hence, let for n,m N , maps f : Ym → Y and h0, . . . ,hm−1 : Yn → Y in clon Y be given. We have to verify that
(∗∗) Ψ ( f ◦ (h0×˙ · · · ×˙hm−1))= Ψ ( f ) ◦ (Ψ (h0)×˙ · · · ×˙Ψ (hm−1)).
This is clear whenever f is a projection or constant. We investigate the remaining cases.
 (a) First, let us suppose that f depends on all its m coordinates. Then, by 4.1, f = βYγ ◦ p ◦ s(m) .• (a1) If some h j is neither a product projection nor constant with a value in G , then, by 4.5 applied to h j ,
(Imh j) ∩ G = ∅. Then (Im(h0×˙ · · · ×˙hm−1)) ∩ Gm = ∅ so that (Im(s(m) ◦ (h0×˙ · · · ×˙hm−1))) ∩ G∗ = ∅ consequently
p ◦ s(m) ◦ (h0×˙ · · · ×˙hm−1) : Pn → Z is the constant with the value o so that f ◦ (h0×˙ · · · ×˙hm−1) is the constant
with the value y = βYγ (o). Then Ψ ( f ◦ (h0×˙ · · · ×˙hn−1) = Ψ (const(n)y ) = const(n)Ψ (y) by the deﬁnition of Ψn . And, by
the deﬁnition of Ψ0, Ψ (βYγ (o)) = β Xλ(γ )(o). To count Ψ ( f ) ◦ (Ψ (h0)×˙ · · · ×˙Ψ (hn−1)), notice that if (Imh j) ∩ G = ∅,
then also G ∩ (ImΨ (h j)) = ∅ because Ψn is a bijection of the set of all continuous maps Yn → Y onto the
set of all continuous maps Xn → X and it is the identity on the product projections and constants with the
values in G which all are distinct from h j . Then, analogously, [Im(Ψ (h0)×˙ · · · ×˙Ψ (hm−1)] ∩ Gm = ∅ so that
p ◦ s(m) ◦ (Ψ (h0)×˙ · · · ×˙Ψ (hm−1)) : Pn → Z is a constant map with the value o. And, by the deﬁnition of Ψm , Ψ ( f ) =
Ψ (βYγ ◦ p ◦ s(m)) = β Xλ(γ ) ◦ p ◦ s(m) so that Ψ ( f ) ◦ (Ψ (h0)×˙ · · · ×˙Ψ (hm−1)) = β Xλ(γ ) ◦ p ◦ s(m) ◦ (Ψ (h0)×˙ · · · ×˙Ψ (hm−1))
which is constant with the value β Xλ(γ )(o). Then (∗∗) is valid.
• (a2) Let every h j be either a product projection or a constant with the value in G . Let
ψ : (0, . . . , z − 1) −→ (0, . . . ,m − 1)
be such map that ψ(0), . . . ,ψ(z− 1) is the subsequence of 0, . . . , m− 1 consisting of all j ∈ {0, . . . ,m− 1} for which
hψ( j) is a projection and let ψ¯(0), . . . , ψ¯(m − z − 1) be the complementary sequence, i.e. every hψ¯( j) is a constant
with the value in G , say x j . Then, if s ∈ S(m) is the pair ((D0, . . . , Dz−1), (C,ϕ)) we have s(m) = s¯(z) ◦ πψ and, for
f = βYγ ◦ p ◦ s(m) ,
(+) f ◦ (h0×˙ · · · ×˙hm−1) = βYγ ◦ p ◦ s¯(z) ◦ πψ
where ψ : z →m is as above and s¯ ∈ S(z) is the pair ((D¯0, . . . , D¯z−1), (C¯, ϕ¯)) with
D¯ j = Dψ( j) and C¯ = C ∪
m−1−z⋃
j=0
Dψ¯( j)
and ϕ¯ is the extension of ϕ by ϕ¯(y) = x j whenever y ∈ Dψ¯( j) . Since Ψ (hi) = hi for hi being a product projection
Pn → P or a constant with a value in G , we get
Ψ ( f ) ◦ (Ψ (h0)×˙ · · · ×˙Ψ (hm−1))= Ψ ( f ) ◦ (h0×˙ · · · ×˙hm−1) = Ψ (βYγ ◦ p ◦ s(m)) ◦ (h0×˙ · · · ×˙hm−1)
= β Xλ(γ ) ◦ p ◦ s(m) ◦ (h0×˙ · · · ×˙hm−1) = β Xλ(γ ) ◦ p ◦ s¯(z) ◦ πψ.
Then, by (+) above,
Ψm
(
f ◦ (h0×˙ . . . ×˙hm−1)
)= Ψm(βYγ ◦ p ◦ s¯(z) ◦ πψ )= Ψz(βYγ ◦ p ◦ s¯(z)) ◦ πψ = β Xλ(γ ) ◦ p ◦ s¯(z) ◦ πψ.
Hence (∗∗) is satisﬁed again.
1686 V. Trnková / Topology and its Applications 155 (2008) 1677–1686 (b) Let f depend on k coordinates with k < n. Let ψ :k → n be the map such that ψ(0), . . . ,ψ(k − 1) are precisely all
the coordinates on which f depends. Then
f ◦ (h0×˙ · · · ×˙hm−1) = g ◦ πψ ◦ (h0×˙ · · · ×˙hm−1) = g ◦ (hψ(0)×˙ · · · ×˙hψ(k−1))
and g already depends on all the k coordinates. Then
Ψ
(
f ◦ (h0×˙ · · · ×˙hn−1)
)= Ψ (g ◦ (hψ(0)×˙ · · · ×˙hψ(k−1))).
This is equal to Ψ (g) ◦ (Ψ (hψ(0)×˙ · · · ×˙Ψ (hψ(k−1)), by (a). And Ψ ( f ) ◦ (Ψ (h0)×˙ · · · ×˙Ψ (hm−1)) = (Ψ (g) ◦ πψ) ◦
(Ψ (h0)×˙ · · · ×˙Ψ (hm−1)) = Ψ (g) ◦ (Ψ (hψ(0), . . . ,Ψ (hψ(k−1))) so that (∗∗) is valid again.
References
[1] P.M. Cohn, Universal Algebra, Harper and Row, New York, 1965.
[2] H. Cook, Continua which admit only the identity mapping onto nondegenerate sub-continua, Fund. Math. 60 (1967) 241–249.
[3] M. Goldstern, S. Shelah, Clones on regular ordinals, Fund. Math. 173 (2002) 1–20.
[4] J. de Groot, Groups represented by homeomorphism groups, Math. Ann. 138 (1959) 80–102.
[5] P. Hall, Some word problems, J. London Math. Soc. 33 (1958) 482–496.
[6] H. Herrlich, On the concept of reﬂections in general topology, in: Proceedings of Symposium on Extension Theory of Topological Structures, Berlin,
1967.
[7] H. Herrlich, Topologische Reﬂexionen und Coreﬂexionen, Lect. Notes in Math., vol. 78, Springer-Verlag, Berlin, 1968.
[8] F.W. Lawvere, Functorial semantics of algebraic theories, Proc. Natl. Acad. Sci. USA 50 (1963) 869–872.
[9] F.W. Lawvere, Some Algebraic Problems in Context of Functorial Semantics of Algebraic Theories, in: Lecture Notes in Math., vol. 61, Springer-Verlag,
1968, pp. 41–46.
[10] R.N. McKenzie, G.F. McNulty, W.F. Taylor, Algebras, Lattices, Varieties, vol. 1, Wadworth & Brooks/Cole, Monterey, California, 1978.
[11] M. Pinsker, Clones containing all almost n-ary functions, Algebra Universalis 51 (2004) 235–255.
[12] E.L. Post, Introduction to a general theory of elementary propositions, Amer. J. Math. 43 (1921) 163–185.
[13] E.L. Post, The Two-valued Iterative Systems of Mathematical Logic, Ann. of Math. Stud., vol. 5, Princeton Univ. Press, Princeton, NJ, 1941.
[14] I.G. Rosenberg, Über die funktionale Vollständigkeit in der mehrwertigen Logiken, Rozpravy Cˇeskoslovenské Akad. Veˇd, Rˇada Prˇírod. Veˇd 80 (1970)
3–93.
[15] I.G. Rosenberg, The set of maximal closed classes of operations on an inﬁnite set A has cardinality 22|A| , Arch. Mat. (Basel) 27 (1976) 561–568.
[16] J. Sichler, V. Trnková, On clones determined by their initial segments, Cah. Topol. Geom. Differ. Categ., in press.
[17] Á. Szendrei, Clones in Universal Algebra, Les Presses de L’Université de Montréal, 1986.
[18] W. Taylor, The Clone of a Topological Space, Research and Exposition in Math., vol. 13, Helderman, Berlin, 1986.
[19] W. Taylor, Abstract clone theory, in: I.G. Rosenberg, G. Sabidussi (Eds.), Algebras and Order, Proceedings of the NATO Advanced Study Institute, Mon-
tréal, 1991, Kluwer Academic Publishers, 1993, pp. 507–530.
[20] V. Trnková, Representability and local representability of algebraic theories, Algebra Universalis 29 (1998) 121–144.
[21] V. Trnková, Semirigid spaces, Trans. Amer. Math. Soc. 343 (1994) 305–329.
[22] V. Trnková, Counting cocomponents of a topological space, Appl. Categ. Structures 12 (2004) 379–396.
